Approximations (Series Again)
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Why Taylor Series Matter

» Many functions (trigonometric, exponential,
logarithmic) are difficult to work with directly.

= In engineering, we often only need an approximation
near a point.

» Example: Real power in ACis: P = VI cos(f)

If the phase difference is small, then:
» Auseful approximation is cos(f) ~ 1 — %
» Makes equations dramatically simpler

I.I

But why does this quadratic match so well near
6 = 0? This is exactly what Taylor series explain.
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ldea: Replace Functions with Polynomials

b

Polynomials are easy:
» easy to differentiate
» easy to integrate
* easy to evaluate numerically

= Goal: approximate a function f(x) by a polynomial
that ‘hugs’ f(z) near some point.

= Example: let's approximate cos(x) near 0 using a
quadratic:
cos(x) = ¢ + 1@ + cpa”

= Which ¢y, ¢1, co make the polynomial resemble cos(x)
as closely as possible near x = 07
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Step 1: Match the Value at the Point z = 0

> cos(0) =1sowewantcy+ 1z + cz® =1
= Since cos(0) = ¢ + ¢1(0) 4 ¢2(0)? = ¢y, this forces:
Co = 1

Therefore

I.I

cos(z) = 1+ 1o + cpa?

= The approximation and the function cos(z) now have
the same value when z = 0.
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Step 2: Match the Slope at the Point x =0

-

I.I

I.I

Slope of cosx at z = 0:
cos'(x) = —sinz, cos'(0) =0
Slope of the polynomial:
cos' () = ¢1 + 2coz,  cos'(0) = ¢1 +2¢2(0) = ¢4

For matching slopes:

CcCl = 0
Therefore
cos(z) = 1 + cpa®
The approximation and the function cos(z) now have

the same value and slope when x = 0.
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Step 3: Match the Curvature (—%)

= Curvature of cosz at z = 0:
cos”(z) = —cosz, cos”(0) =—1.
= Curvature of the polynomial:
cos”(x) = 2¢y,  cos”(0) = 2¢,.
= Matching curvatures gives
20=—1 = 3= —1.
2
= Hence the best quadratic approximation is

332

cos(z) =1— 5
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Visualising the Cosine Approximation
IQ
= Nearz =0, the graphs of cosz and 1 — 5 almost

coincide.
= This is the idea of a Taylor polynomial: a polynomial
that ‘hugs’ the graph of f(z) near a point.

COST

/ZFO’\D
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General Pattern for cos#

= For coséd, all the information near 0 is in its
derivatives at 0:

cos(0) =1, (1)
cos'(0) = 0,
cos”(0) = —1,
cos®(0) = 0,
cosV(0) =1,

= All odd derivatives at 0 are 0; the even ones alternate
between +1 and —1.
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General Pattern for cos#

= Notice that
cos™(0)

cos(”)(O) =nlxXe¢, = ¢, = '
n!

= So the Taylor series at 0 only has even powers:
cos(x) = co + cox® + cyx* 4 cgax® + - -

where

= In compact sigma notation:

cos(z) = ;(—w (gn)!
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General Pattern: Matching Higher Derivatives

= Note that each coefficient of a polynomial controls
exactly one derivative at z = 0.

Taking n derivatives of " produces n!

dn

Thus the coefficient of 2™ must be

F(0)

n!

» This yields the Maclaurin series.
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The Maclaurin Series

= If f(x) is sufficiently differentiable at 0, then

RLAUIT O

fx) = f(0) + zf'(0) +

= More compact notation:

O fn)
f) =3 e

n.

n=0

= Each term ensures matching of successively higher
derivatives at x = 0.
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Example: Maclaurin Series of sin x

= Derivatives repeat with cycle length 4:

sinx, cosz, —sinx, —cosz, sinz,...

= Evaluating at z = 0 yields:

0,10, -1, 0, 1,...

» Therefore: sinxzx—@—?-{-’g—?_%_;_...
= In compact sigma notation:

o0 J:Qn—i—l
SIN Y = ZO<—1) m

» This approximation is excellent for small 2!
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Example: Maclaurin Series of e*

= Every derivative of e* is e*.

= Therefore

20 0

f@) = F(0) +f (0) +a* ) 3
gives
xr __ x x 2€$ 3€$
e =e twe tuw 5%—:5 §+
= Atz =0, each derivative equals 1.
N 2 333
€ :1+$+§+§+"'
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Standard series

= The Maclaurin series for commonly encountered
expressions are:

sinz = TS+ -5+t
CoST = 1—3—?—1—1—?—2—?—1—2—?—1—

3 5
tanx = R A /2 <z <7/ 2
In(l+z) = x—%—i—%—%—l—... -l<z<1
xT 332 $3 1'4
e” = 1+!L‘—|—§+§+E+...
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Standard series

= Hyperbolic trigonometric expressions

. ZS 3!77
sinhz = r+G g+t

2 4 6

coshx = 1+%+%+%—!+...
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Standard Series. The binomial series

= The same method can be applied to obtain the
binomial expansion

2 3

(142)" = 1+nx+x—n(n—1)+x— (n—1)(n—2)+...

9] 3"

for-l1<z<1
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Approximate values

= The Maclaurin series expansions can be used to find
approximate numerical values of expressions. For
example, evaluate v/1.02 to 5 decimal places.

= Use the binomial expansion

2 3

(1+2)" = 1+nx+%n(n—1)+%n(n—1)(n—2)—|—...

= in this case z = 0.02 and n =  then
1 1 0.022 /1\ /-1
(14002)% = 145 x(0.02)+ <2> (2)
0.023 /1\ [ —1\ /-3
B (2) (2) (2) i
= 1+ 0.01— 0.0005 -+ 0.0000005 + . . .
= 1.0099505
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Convergence of Series

Some Maclaurin series converge for all = (e.g,
e, sin x, cos x).

Others converge only for a limited range, for example:

> x ot

In(1 e T
n(l+z)==x 2+3 4+

only converges only for |z| < 1.

Derivative information at one point only works while
the function remains well-behaved.

If the function misbehaves the series stops working
before you reach that point.
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Approximating Around Point x = a

= Maclaurin Series is actually just a Taylor Series about
a=0.

= Maclaurin’s series:

YOI

[@) = F0) +2f/(0) + 22 -

gives the expansion of f(z) about the point z = 0.

» To expand about the point 2 = a, Taylor's series is
employed:

L pl"@ @

flx+a) = f(a) +2f'(a) ol 3!
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Taylor's series

= To expand about the point z = a, Taylor's series can
be derived from the Maclaurin’s series using the
function

F(z)= f(zr+a)

= Then F(0) = f(a), F'(0) = f'(a) etc. and

FIIO F///o
LFN(0) | SFT(0)

Pla) = F(0) + 2F'(0) + 2*~, 3

gives

flot )= fa) +af(0) + 22D 1D 4 02T
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General Taylor series

= General Taylor series:

["(a) f"(a)

f(z) = fla)+(z—a)f'(a)+(z—a)* =2 +(r—a)* =S+ -

2! 3!

= Derived by applying Maclaurin to F(x) = f(x + a).
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Limiting values — indeterminate forms
= Sometimes, we have to find the limiting value of a
function of x when z — 0, or perhaps when x — a.

lim

z—0

®+5r—14\ 0+0-14 14
2—5r+8) 0—-0+8 8

= However, it is not always that straightforward.

. x?+bxr — 14 4+10—-14 0
lim = = -
22 — b +6

4—104+6 0

r—2

= 0/0!
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Limiting values — indeterminate forms

= Power series expansions can sometimes be employed
to evaluate the limits of indeterminate forms.

= For example

— 3 5)
lim (tanx a:) — lim (x—i—x /3 + O(z) x>

70 a3 20 23

= where we have expanded the tan function to third
order (z?), the notation O(z°) means that all the next
terms in the expansion are of order 5 or larger (that
is a%, 25, .., etc.)

- takmg the limit

. <x+w3/3+0(x5) —x) . (1

z—0 1’3
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Limiting values — indeterminate forms

= The general procedure is:

» Express the given function in terms of power series
= Simplify the function as far as possible.

* Then determine the limiting value — which should
now be possible.

= However, there may well be occasions when direct
substitution gives the indeterminate form of and we
do not know the series expansion of the function
concerned. What are we going to do then?
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Limits and Indeterminate Forms

= Alimit describes what a quantity approaches as the
Input gets arbitrarily close to some value.
= Many expressions behave nicely as = — a, even if the
function is not defined at a.
= Example:
(2+x)* -8
—
= Although plugging in z = 0 gives 0/0, the surrounding
values clearly approach 12.
o —622+ 122
m

2 38
lim % -]
x—0 €T x—0 X

= lim(z® — 62 + 12) = 12

z—0
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Geometric Meaning

= letsploty =
X

(24 x)* -8
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'Hopital's Rule - Recall Differentiation

= One of the most important limits is that of
differentiation

0 () i S0 1) = fla)

dx h—0 h

= The limit is need because when h = 0, both
numerator and denominator equal 0.
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'Hopital's Rule - Concept

-

I.I I.I I.I

"

Let's say we have a function y = f("’“" where g(z) and
f(z) both cross the x-axis at z = a

Therefore £ = 0
Jo9@ 0
so what is
lim M =7
a—a g(x)
A tiny nudge dz to the input gives:

S
~—

lim flx) %(a)dm B %(

Pogle)  Llayde L

S
~—

Recall from previous slide:

df

d:z:( a)dr = hm f(a—i—d:c) f(a).
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'Hopital’'s Rule - Visualized

g
8
2

SIS
=N

B
Z
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'HOpital's Rule (Formal Statement)

= Suppose f(x) and g(x) satisfy:
fla) =gla) =0 or [f(z)],|g(x)] = ccasz—a.
= If f/(x) and ¢'(z) exist near a and ¢'(z) # 0, then:
p 1@ F(@)

T—a g(g(;)  z—a g’(x) '

= L'Hopital doesn't solve the limit - it transforms it into
a simpler one.
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Example

= Consider:
sin(mx)

x?2—1

= Atz =1:

sin(r) = 0, ’-1=0 = 0/0.

= Apply U'Hopital:

lim sin(mx)  lim 7rcos(7rx)‘
r—1 ;L’2 —1 r—1 2;[3

= Evaluate atz =1:

meos(m)  w(—1)

2 2

™
B .
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Example

= Compute:
2+ —x—1
11m
a—1 a2+ 2r—3

= See that:

= Apply U'Hopital:
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