Week 8 Tutorial

Question 1. Consider the discrete-time system xz[k + 1] = Ax[k] + Bulk] from last week. Let

0 1 1
A=| -1 0 B=] -1
0 0 0

(a) Using PHB test determine the unreachable modes.

(b) Show that the system is controllable.

Solution 1.

(a) The reachability pencil is

s —1 0] 1
[si-A|B]=|1 s 0|-1
0 s 0

This matrix has rank three for all s # 0, hence, the unreachable mode is s = 0.

(b) The system is controllable since the unreachable modes are at s = 0. Note that

0 -1 0
AB=11 0 0],
0
hence
ImA? C ImR,

which also proves the system is controllable.

Question 2. Consider the continuous-time system x[k + 1] = Azx[k] + Bulk] from last week. Let

071 o (1)],

-1 0
(b) Express the state-space representation of the electrical system in controllable canonical form.

A:

(a) Show using PHB test that the system is reachable.

Solution 2.

(a) The reachability pencil is
[ s1-A|B |

Il
| — |
— »
w |

2

which has rank two for any s and any ~.

Hence, the system is always reachable.
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(b) The controllable canonical form of a 2 x 2 matrix is given by

0 1
‘| ) B, =
—Qn —Qq

where ag and a7 are the coefficients of the characteristic polynomial,

A=

A =

In this case a; = 0 and g = . Therefore,

-3 1 0 1
A= 01 0 B=10
0 -2 0
(a) Using PHB test determine the unreachable modes.
(b) Comment on whether the system is controllable.
Solution 3.
(a) The reachability pencil is
s+3 -1 01
[s1-A|B|= 0 s—1  0]0
0 0 s+210
This matrix loses rank for s = 1 and s = —2, hence, these are unreachable modes of the system

(b) The system is not controllable since the unreachable modes are not at s = 0. Also note that

=27 7 0
A3 = 01 0],
0 0 8
hence
ImA? ¢ ImR,

which proves the system is not controllable.
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