Week 3 Tutorial

Question 1. Consider a linear continuous-time system described by the equations

.fl (t) = xl(t) + axs + U(t)
i:Q(t) = ZEl(t) + :Z?g(t) - OziL'g(t)

with o € R and constant, x(t) = [z1(t), z2(t)]T € R? and u(t) € R.

1. Let u(t) =0, for all t > 0. Compute the equilibrium points of the system as a function of .

2. Assume now u(t) = u(0), for all t > 0, where u(t) # 0. Compute the equilibrium points of the

system as a function of a.

3. Discuss similarities and differences between the results in part (a) and part (b).

Solution 1.

1. To begin with, note that

, C=[1 o,

1
o . B- 1
1 1—« 0

and that det(A) =1 —2a. If 1 — 2 # 0, the matrix A is invertible. Hence the only equilibrium

for u(t) = u(0) =0 is 2(0) = —A~'Bu(0) =0 for all t > 0. If « = 1/2 and det(A) = 0, then to

find the equilibrium points, we need to solve the equations & (t) = &2(t) = 0 for u(t) = 0, that
is
1 1 1
0= l‘l(t) + il‘g(t) 0= I1(t) + $2(t) — 5562(25) = xl(t) + 5.@2(25)
This means that all equilibrium points described by
-2

x<t>=x<0>=6l1],

where § can be any number. Thus, when o = 1/2 and u(t) = u(0) = 0, the system has infinitely

many equilibrium points on a straight line.

2. As for part (a), if 1 — 2ae # 0, the matrix A is invertible hence the only equilibrium for u(t) =
u(0) # 0is 2(0) = —A~1Bu(0) = 0 for all t > 0. That is
a—1
1

~uw(0) [1-a -« 1 w0) |[1-« u(0)
m(o)_l—Qall 1‘|X[O‘|_1—2al110r2a—1
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If « = 1/2 and det(A) = 0, then to find the equilibrium points, we need to solve the equations
#1(t) = @2(t) = 0 for u(t) = u(t) # 0, that is
1 1
0=ua1(t) + §I2(t) + u(0) 0=ux1(t) + ng(t)
These equations do not have any solution for u(0) # 0; that is, the system does not have any

equilibrium points.

. If the matrix A is invertible, regardless of the value of the input signal, the system has one
equilibrium point. If A is not invertible, the existence of equilibrium points depends upon the
value of the input signal. If u(t) = w(0) = 0, there are infinitely many equilibria, whereas if

u(t) = u(0) # 0, there are no equilibria.

Question 2. An ideal op-amp circuit is given in Figure 1

c

—
O

va(t)

Figure 1

where i(t) is the current, v1(t) is the input and vy (t) is the output.

. Derive the state space model for the circuit in Figure 1 using the state variables x1 = i(t) and

T2 = Vg (t)
. Using your answer from part 1, obtain the transfer function G(s) of the circuit in Figure 1.
. Find the state transition matriz et such that x(t) = eA*x(0).

. Find the equilibrium point of the circuit in Figure 1.

Solution 2.

1. First define v; and vy

V1 = U,
dip, di di v
Y s e ==t
UERE T at L
1 . dvy  ic )
— e — — dt vy e v
R G, /ZC i ¢ C

AIDAN O. T. HOGG



Define the derivatives of the state variable 7 and o

T =1 T2 = V2
._@_Uil 332:@:_1':—1;(;1
N=nT dt C C

Define the input u and output y

A_[o 0

. The transfer function is

where

Therefore

1 ol [ 1
ol J-e L8]
1
R yers

Note that you get the same answer using the impedances of the components in the Laplace

domain.
Va(s) _ Z> _ 1/Cs _ 1

- Vi(s) 7 Ls  LCs?

T(s)

which you would have learnt in your previous module on classical control.

. Method 1
Recall the definition of e,

First, calculate
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Therefore A3 =0, A* =0, and so on.

eM=T+ At =

10 0 0 1 0
0o 1| " |-x ol Tz
el el

We find e by integrating both @ (¢) and i (t)

Method 2

i(t) =0 Lo(t) = f%xl(t)
21(t) = 1(0) 2a(t) = = 1 (0) + 22(0)
x(t) = eAtx(O) eAt = [ 1t O‘|
-& 1

Method 3

An alternative way to find e“*, which is not covered in this module, is to use the formula

At = 1[I — Al 1}
0] } _ [ 1 0
5 ¢ 1

eAt _ g—l{

4. To begin with, note that det(4) = 0 meaning the matrix A is not invertible. Therefore, to find
the equilibrium points, we need to solve the equations &1 () = #2(t) = 0, that is

Q= «
n O
= =,

L
—
Il
|
-
——

\
Q=
J)M

1
Zu:O.'.u:O and  @o(t)

21 (t)

This means that all equilibrium points described by

z(t) =2(0) =0 [ﬂ <~ u(t) =0

the system has infinitely many

where 0 can be any number. Thus, when u(t) = u(0) = 0,
u(0) # 0, the system has no equilibria.

equilibrium points on a straight line, and when u(t) =
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