Tutorial Problem Sheet 3

Question 1. Consider the linear continuous-time system from last week described by the equations

Z1(t) = 21 (t) + azz + u(t)
$2(t) = .Tl(t) —+ (EQ(t) — O[l'g(t)

with o € R and constant, x(t) = [z1(t), z2(t)]T € R? and u(t) € R.

(a) Study the stability properties of the system when « > 2. (Hint: compute the characteristic
polynomial of the closed-loop system and then use the Routh test.)

(b) Let u(t) = —ky(t), where k is a constant. Write the equations of the closed-loop system and

determine conditions on o and k such that the closed-loop system is asymptotically stable.

Solution 1.

(a) The characteristic polynomial of the matrix A is

det([AA)det(lA 0][1 “ 1>det([/\l - D
0 A 1 1-« -1 A4+a-1

=A-1DA\+a-1) -«
=X 4+ da—-A-A—a+1l—a
=X+ Ma—2)+ (1 -2a)

The Routh array is:

A2 1 (1-2a)
AL (a—2) 0
AV (1 - 2a) 0

For a > 2 there will be a sign change in the first column of the Routh array.

Therefore, one of the roots has to have a positive real part so the system is unstable.

(b) The equations for the closed-loop system are
x(t) = Ax(t) + Bu(t), y= Cxz(t)+ Du(t),

where

D= [81 , and wu(t) = —Ky(t) = —k(Cx(t) + Du(t)) = —kCx(t).

Therefore
z(t) = (A—kBCQ)x(t), y=Cx(t),
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with
A—kBC =

1 1fa]_kl(l) at 0]:[1?% 1fa]'

The characteristic polynomial of matrix A — kBC' is

A0 1-k «
SR ()

A—1+k —
= det
-1 Ada—1

=A-1+kA+a-1)—a
=X +da-A-A-—a+l+krx+ka—k—a
=X+ Ma—2+k)+ (1 +ka—Fk—2a)

The Routh array is:

A2 1 (14 ka—k—2a)
Al (—2+k) 0
A 1+ ka—k—2a) 0

Therefore, the closed-loop system is asymptotically stable for all £ and « if
a—2+k>0, 1+ka—Fk—2a>0.
where there are no sign changes in the first column of the Routh array.

Question 2. Consider the discrete-time system xp1 = Axy.

(a) Let

Consider the initial state

and plot x[k] on the state space for k = 1,2,3,4. Eaxploiting the obtained result discuss the
stability of the equilibrium z. = 0.

(b) Let

Consider the initial state

and plot x[k] on the state space for k = 1,2,3,4. Eaxploiting the obtained result discuss the
stability of the equilibrium x, = 0.
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Solution 2.

(a) Note that

xm_l_i] x[z]_lﬂ x[3}—[_?‘| x[zq_li‘].

This implies that the equilibrium 2 = 0 is unstable. (Note that to decide the instability of
an equilibrium, it is enough that one trajectory does not satisfy the “e — 0” argument in the
definition of stability.)

(b) Note that

le [

This trajectory is such that the “e —¢” argument holds, however we cannot conclude stability

of the equilibrium z = 0 only from properties of one trajectory.

Question 3. Consider the discrete-time system

1 1
Tp1 = Az = [ ] Ty
a —1

with a € IR.

Show that the system is asymptotically stable for —2 < a < 0, and it is unstable for a < —2 and
a > 0.
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Solution 3. The characteristic polynomial of the matrix A is
det(A\l —A)=(A=1DA+1)—a=X1—1-a.
Hence the eigenvalues of A are
M =+V1+a Ay =—V1+a
The system is asymptotically stable if (and only if)
A <1 [A2| < 1.

Observe that A; and Ay are real if @ > —1 and are imaginary if a < —1. Moreover, || = [X2| and

this is smaller than one if (and only if) —2 < a < 0.
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